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Abstract
We analyse several open and mixed sector tree-level amplitudes in N = 2
p − p′ systems with a constant magnetic B turned on. The 3-point function
vanishes on-shell. The 4-point function, in the Seiberg-Witten (SW) low en-
ergy limit[2], is local, indicating the possible topological nature of the theory
(in the SW low energy limit) and the possible relation between noncommutative
N = 2 p − p′ system in two complex dimensions and in the SW limit, and
(non)commutative N = 2 p′ − p′ system in two real dimensions. We discuss
three extreme noncommutativity limits (after having taken the Seiberg-Witten
low energy limit) of the mixed 3-point function, and get two kinds of commu-
tative non-associative generalized star products. We make some speculative
remarks related to reproducing the above four-point tree level amplitude in the
open sector, from a field theory.
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1 Introduction
N = 2 strings have been studied in the past for a variety of reasons. They are
extremely useful from the point of view of studying self-dual gravity and Yang-Mills
theories [3, 4]. Also, they are thought to be intimately connected to M(atrix) and
F theories [5, 6, 7]. Noncommutative N = 2 strings were first studied in [8] which
showed several interesting features - (a) appearance of Moyal star product in open-
string amplitudes and hence the topological nature of the purely open (and closed)
sector(s), (b) construction of abelian noncommutative effective field theory in the
purely open sector (equivalently, abelian noncommutative self-dual Yang-Mills in
flat space), unlike its commutative N = 2 counterpart, (c) appearance of generalized
star product in the mixed 3-point function, and (d) vanishing of the mixed 4-point
function Aoooc in the extreme noncommutativity limit.
There are the following three motivating reasons for studying noncommutative
N = 2 p−p′ system. (i) The work of [8] had to do with noncommutative N = 2 p′−p′
system, i.e., the open strings starting and ending on the same brane (or branes of
the same dimensionality with identical boundary conditions at the two ends of the
open string) in the presence of external magnetic field. It is hence natural to extend
this to the case where the two ends of the open string end on branes of different
dimensionality (in the presence of a magnetic background), i.e., noncommutative
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N = 2 p− p′(> p) system. As the boundary conditions are different at the two ends
of the open string, one would expect that the theory is not topological due to the
shift in the vacuum energy. In this work, we discuss, among other things, whether
it is possible, in any limit, to get a topological noncommutative N = 2 theory, at
least in the purely open sector 1. (ii) Secondly, the mixed-sector of noncommutative
N = 2 p′ − p′ system, involved a generalized star product in the mixed 3-point
function and hence the field theory that would reproduce the string amplitude. It
is hence natural to ask whether generalized star product(s) of the same or different
type(s) appear in the mixed sector of noncommutative N = 2 p − p′ system. (iii)
Finally, the field theory that reproduced the string amplitudes of noncommutative
N = 2 p′ − p′ system in [8] consisted of the open-string metric and the Moyal star
product in the purely open sector, and a generalized star product and two linear
combinations of the open-string metric and the noncommutativity parameter in the
mixed-string sector. It is of importance to construct the field theory that would
reproduce the string amplitudes of noncommutative N = 2 p− p′ system.
We study amplitudes involving either two p−p′ open strings and one or two p′−p′
1There is no difference between noncommutative N = 2 p− p′ and p′ − p′ theories in the purely
closed sector. Further the noncommutative N = 2 p′ − p′ theory is the same as the commutative
N = 2 p′ − p′ theory in the closed sector, which is known to be topological [3]. Hence, the closed
sector of noncommutative N = 2 p− p′ system is topological.
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open strings, or two p − p′ open strings and one closed string, or two p′ − p′ open
strings and one closed string. We summarize our results vis-a-vis the abovemen-
tioned three motivating reasons. (i) Interestingly, we find that in the purely open
sector of N = 2 p − p′ system, the 3-point function vanishes on-shell and the 4-
point function, in the Seiberg-Witten (SW) low energy limit, is local. This strongly
suggests that the purely open sector of noncommutative N = 2 p − p′ system, is
topological in the SW low energy limit. (ii) The mixed sector is more non-trivial
than in [8]. For finite noncommutativity, we get contact-term delta function diver-
gences. For infinite noncommutativity (taking the infinite noncommutativity limit
in a specific manner), after having taken the SW low energy limit, we show that
the abovementioned divergence can be disregarded, and depending on whether one
takes infinite noncommutativity along the common and/or the uncommon direc-
tions, one gets commutative non-associative generalized star products of two kinds
in the mixed 3-point function. Also, in this limit, one gets an infinite series of local
interactions for the mixed 3-point function. (iii) We show that it is not possible to
construct a field theory that would reproduce the local 4-point function of the purely
open sector, using the 3-point functions evaluated in this paper, in the purely open
and mixed sectors. We speculate on possible resolution of this problem.
The paper is organised as follows. In section 2, we evaluate 3-point and 4-point
string amplitudes in the purely open sector of the types mentioned above, by reading
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off results from the corresponding expressions given for N = 1 p− p′ systems in the
presence of magnetic B in [1], after a suitable identification. We show that the
3-point function vanishes on-shell, and the 4-point function, in the SW low energy
limit, is local. In section 3, we evaluate two mixed 3-point functions of the types
mentioned above, for finite and infinite noncommutativity, in the SW low energy
limit. We explicitly show the appearance of (δ(0))n=1,2-type divergences for finite
noncommutativity, which can be taken care of by taking infinite noncommutativity
limit suitably after having taken the SW low energy limit. We show the appearance
of generalized star products of two kinds in this limit. Section 4 has a summary of
and a discussion on results obtained in this work.
2 Purely open sector
In this section, we discuss 3- and 4-point string amplitudes involving vertex operators
for two p− p′ open strings and one or two p′ − p′ open strings, the latter in the SW
low energy limit.
In the purely open sector, one can read off results from [1] after suitable identi-
fication of the polarization vector that figures in the vector vertex operator of [1].
This does not imply that a four-dimensional N = 2 theory can be mapped to a
ten-dimensional N = 1 theory. What is implied and hence what gets used in the
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calculations below, is that the open-string N = 2 vertex operators, and hence the
open-string N = 2 open amplitudes, can be obtained from open-string N = 1 ver-
tex operators and hence open-string N = 1 amplitudes, after the abovementioned
identification; the closed string vertex operators that are constructed in this work,
were not considered in [1].
The closed-([3]) and open-string ([4]) vertex operators, in the notations of [1] are
given by:
V intc ∼
(
ik · ∂x¯− ik¯∂x− α′k · ψ¯Rk¯ · ψR
)(
ik · ∂¯x¯− ik¯∂¯x− α′k · ψ¯Lk¯ · ψL
)
ei(k·x¯+k¯·x),
V into ∼
(
ik · ∂τ x¯− ik¯ · ∂τx− α′k · (ψ¯L + ψ¯R)k¯ · (ψL + ψR)
)
ei(k·x¯+k¯·x), (1)
In N = 1 notations,
V into =
∫
dηe
(
i
√
α′
2
(k·X¯+ik¯·X)−η(DL+DR)(k·X−k¯·X)
)
|θL=θR , (2)
which can be identified with
∫
dηe
i
(√
α′
2
(k·X¯+k¯·X)+η(DL+DR)(ζ·X¯+ζ¯·X)
)
|θL=θR (3)
of [1], X being a chiral superfield and η a Grassmanian parameter and ζ being
the polarization vector, by setting ζ ≡ ik. In the above, DL = ∂∂θL + θL∂ and
DR =
∂
∂θR
+ θR∂¯.
We briefly outline the main idea of [1] when one considers evaluation of ampli-
tudes for p − p′ systems in the presence of nonzero B. As there is no space-time
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supersymmetry and no Ramond-Ramond fields in N = 2 theory, the p(p′) branes
are branes defined in the sense of open-string boundary conditions:
∂σX
1,1¯ + (B∂τX)
1,1¯ = 0, at σ = 0,
∂τX
2,2¯ = 0, at σ = 0,
∂σX
1,1¯,2,2¯ + (B∂τX)
1,1¯,2,2¯ = 0, at σ = π, (4)
where we have complexified the space-time coordinates. The p-brane is a brane with
(2,0) signature on its world volume and the p′-brane is a brane with (2,2) signature
on its world volume. As there is no tachyon in the p − p or p′ − p′ open strings,
and as shown below, there are no tachyons in the p − p′ open strings, hence, these
nonsupersymmetric branes are stable. As the boundary conditions at the ends of
the p−p′ open strings are different, this implies that the vacuum energy gets shifted
relative to the (non)commutative p′ − p′ theory. One thus has fields in addition to
the massless scalar of the p′ − p′ (non)commutative N = 2 strings. As explained
in [1], one has to introduce “shift” σ±(τ) and “twist” τ±(τ) fields that change the
boundary conditions as one would go from σ = 0 to σ = π. As done in [1], we will fix
τ1, τ2, τ3 at 0,−∞,−1 respectively. We now evaluate several tree-level amplitudes
in the open and mixed sectors (in the next section).
(I) Aooo′
We first evaluate the 3-point function Aooo′ involving two p − p′ open strings
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denoted by o each, and one p′ − p′ open string denoted by o′. Now, Aooo′ can be
read off from equation (4.25) of [1] and is given by (having used the Jacobian for
gauge-fixing the super-Mo¨bius symmetry (See [4])):
Aooo′ =
(τ1 − τ2)(τ2 − τ3)(τ3 − τ1)
(τ1 − τ2)2
∫
dθ3
〈0| : σ+(τ1)τ+(τ1)ei(k·x¯+k¯·x)11¯(τ1) :: σ−(τ2)τ−(τ2)ei(k·x¯+k¯·x)11¯(τ2) :
×
∫
dη1 : e
i(k·x¯+k¯·x)(τ3)+ikη1(DL+DR)(k·x¯−k¯·x)(τ3) : |0〉
∼ iδ(
3∑
a=1
ka1)δ(
3∑
b=1
kb1¯)
√
α′
2
(k2 − k1) ·(p)k3eC3(ν)e
i
2
Θijk1ik2j (5)
(See (A2) for definition of C3(ν)). The vacuum is a tensor product of the vacuum
corresponding to the usual SL(2,R)- invariant vacuum for directions 1, 1¯, and the
vacuum corresponding to the uncommon directions 2, 2¯ that is the analog of the
“oscillator vacuum” of [1]. From (5), one sees that Aooo′ vanishes on-shell. This is
analogous to the similar result in [10]. Note that (5) for off-shell scalars, is written
entirely in terms of the 1− 1¯ subspace of the target space.
(II) Aooo′o′
Next, we evalate the 4-point function Aooo′o′ involving two p− p′ open string and
two p′ − p′ open string vertex operators. The four-point function, defined as:
Aooo′o′ =
(τ1 − τ2)(τ2 − τ3)(τ3 − τ1)
(τ1 − τ2)2
∫
dτ4dθ3dθ4
〈0| : σ+(τ1)τ+(τ1)ei(k·x¯+k¯·x)11¯(τ1) :: σ−(τ2)τ−(τ2)ei(k·x¯+k¯·x)11¯(τ2) :
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×
∫
dη1 : e
i(k·x¯+k¯·x)(τ3)+ikη1(DL+DR)(k·x¯−k¯·x)(τ3) :
×
∫
dη2 : e
i(k·x¯+k¯·x)(τ4)+ikη2(DL+DR)(k·x¯−k¯·x)(τ4) : |0〉, (6)
can be read off from equation (4.27) of [1] after identification of the polarization
vector in the vector vertex operator ζµ in [1] with ikµ, and is given in (A1) in
Appendix A. One can extract the pole structure of (A1), as in [1], by evaluating in the
Seiberg-Witten(SW) low energy limit, the integral around x = 0 (
∫ δ
0 ) corresponding
to the t−channel process and around x = 1 (∫ 11−δ) corresponding to the s-channel
exchange. As (almost) massless particle-exchange will dominate the contributions of
various states to the above four-point function, we have to find the almost massless
poles from the above expression.
The following observations are useful. (a) Using L0 = α
′G11¯|k1|2 + ν2 = 0 for
N = 2 theories, one gets α′m2o =
ν
2 (> 0) ∼ O(1), (b) α′ →
√
ǫ, b22¯ → 1/
√
ǫ, and
ν ≡ 1 +O(√ǫ).
The integral
∫ δ
0 gives terms of the type
α′O(1)
α′t+O(1) and
O(1)
α′t+O(1) . One sees there
are no terms of the type 1
α′t+O(
√
ǫ)
, which would have corresponded to an almost
massles pole. Hence, in the SW low energy limit, only limα′→0
O(1)
α′t+O(1) ≡ O(1) terms
survive. These O(1) terms are local.
As the s-channel corresponds to exchange of p′ − p′ open string that has only a
massless scalar in its spectrum, the result can be read off from equation (5.11) of
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[1], and is local:
A4 ∼ 1
2s
[{
(k2 − k1) ·(p)k3 − ik4 ·(p,p′)Jk3
}
k3 ·(p′)k4
−k4 ·(p′)k3
{
(k2 − k1) ·(p)k4 − ik3 ·(p,p′)Jk4
}
−2ν
(
k3 ×
(p,p′)
k4
)
2
k3 ·(p′)k4 − 2k3 ·(p′)k4ν
(
k3 ×
(p,p′)
k4
)
2
+
{
−t+m2o + k3 ·(p,p′)k4 − (1− 2ν)
(
k3 ×
(p,p′)
k4
)
2
}
k3 ·(p′)k4
]
× exp
[
2α′
(
k3 ⊙
(p,p′)
k4
)
2
{
γ +
1
2
(ψ(ν) +ψ(1− ν))
}]
+(k3 ↔ k4) , (7)
which we see is local. In (7)
s ≡ −(k3 + k4) ·(p′)(k3 + k4) = −2k3 ·(p′)k4 ;
J ≡ (Jµρ) ≡


0 0
0 iσ2

 . (8)
To see if one is able to generate the expression for Aooo′o′ from two 3-point func-
tions, given that Aooo vanishes on-shell, one will have to evaluate mixed 3-point
functions corresponding to scattering of a graviton from a p− p′ open string - Aooc,
as well as scattering of a graviton from a p′− p′ open string - Ao′o′c. We discuss this
in the next section.
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3 The mixed sector
We now consider the mixed 3-point functions involving two p − p′ or p′ − p′ open
strings and a closed string, Aooc and Ao′o′c, respectively. Even though an exact
answer can be obtained, we work in the Seiberg-Witten low energy limit followed by
infinite noncommutativity limit eventually, as only then can we get an answer that
has no contact-term divergences.
(I) Aooc
One can show that the following vertex operator written in term of N = 1 nota-
tions, reproduces the N = 2 vertex operator for closed strings.
V intc =
∫ ∫
dη1dη2
∫ ∫
dθLdθRExp
[
EIX
I + E¯I¯X¯
I¯
]
, (9)
where
EI ≡ i
√
α′
2
lI + ilI(η1DL + η2DR);
E¯I¯ ≡ i
√
α′
2
l¯I¯ − il¯I¯(η1DL + η2DR). (10)
For calculating self-contractions for the third closed vertex operator, that needs
to be done to go from the SL(2,R)-normal ordering : :, to oscillator-normal ordering
:: ::, one has to evaluate: Exp
(
EIE¯I¯G
sub II¯
)
, where Gsub is the subtracted 2-point
function of [1] (also defined in appendix B). This calculation of self-contraction is
done in appendix B. As the closed string metric gII¯ , the open-string metric GII¯ and
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the noncommutativity parameter Θ
II¯
πα′ are given by
δII¯
ǫ ,
2δII¯
ǫ(1+b2
I
)
and δ
II¯bI
ǫ(1+b2
I
)
, one sees
the explicit appearance of all three, in particular the closed-string metric, in (B1).
In the superspace formalism, for calculating Aooc, one has to evaluate:
∫
d(Rez3)
∫ ∫
dθLdθR
∫ ∫
dθ1dθ2
∫ ∫
dη1dη2
〈0| : σ+(τ1)τ+(τ1)θ1Exp[ik1X1 + ik¯1¯X¯ 1¯](τ1, θ1) :: σ−(τ2)τ−(τ2)θ2Exp[iq1X1 + iq¯1¯X¯ 1¯](τ2, θ2) :
× : Exp[E1X1 + E¯1¯X 1¯ + E2X2 + E¯2¯X 2¯](z3, z¯3; θLθR) : |0〉. (11)
Then, using Gsub to go from the SL(2,R)-invariant vacuum |0〉 to the oscillator
vacumm |σ, s〉, in the 2, 2¯-subspace for the closed-string vertex operator, the above
gives:
∫
d(Rez3)
∫ ∫
dθLdθR
∫ ∫
dθ1dθ2
∫ ∫
dη1dη2
〈0| : θ1Exp[ik1X1 + ik¯1¯X¯ 1¯](τ1, θ1) :: θ2Exp[iq1X1 + iq¯1¯X¯ 1¯](τ2, θ2) :
× : Exp[E1X1 + E¯1¯X¯ 1¯](z3, z¯3; θL, θR) : |0〉
×Exp[EIE¯I¯GII¯sub](z3, z¯3; θL, θR)× 〈σ, s| :: Exp[E2X2 + E¯2¯X¯ 2¯](z3, z¯3; θL, θR) :: |σ, s〉,
(12)
which is the same as:
∫
d(Rez3)
∫ ∫
dθLdθR
∫ ∫
dθ1dθ2
∫ ∫
dη1dη2
〈0| : θ1Exp[ik1X1 + ik¯1¯X¯ 1¯](τ1, θ1) :: θ2Exp[iq1X1 + iq¯1¯X¯ 1¯](τ2, θ2) :
12
× : Exp[E1X1 + E¯1¯X¯ 1¯](z3, z¯3; θL, θR) : |0〉
×Exp[EIE¯I¯GII¯sub](z3, z¯3; θL, θR). (13)
Equation (13) of the form
∫
d(Rez3)
∫ ∫
dθLdθR
∫ ∫
dθ1dθ2
∫ ∫
dη1dη2ρe
η1θLα1+η2θRβ1Exp[EIE¯I¯G
II¯sub]
=
∫
d(Rez3)ρe
γ1
(
δ2 + γ2δ1 − (α1[Θ
11¯
πα′
] + α2
δ(0)
ǫ
+ α3[
Θ22¯
πα′
] + α4)(β1[
Θ11¯
πα′
] + β2
δ(0)
ǫ
+ β3[
Θ22¯
πα′
] + β4)
−α5(ω1[Θ
22¯
πα′
] + ω2)
)
,
(14)
where ρ, γis, αis, βis, ωis are defined in (B5). We will now work in the infinite
noncommutativity limit in which one can drop the δ(0)-dependent terms that ap-
pear as additive terms in (14), relative to the αi[
Θ1(2)1¯(2¯)
πα′ ]βj [
Θ1(2)1¯(2¯)
πα′ ] ∝ Θ2 terms
in (14). This can be seen more explicitly by choosing the representation δ(x) =
limǫ′→0 ǫ
′
(x2+ǫ′2)
. Thus, for ǫ′ ∼ ǫ, δ(0)ǫ ∼ 1ǫ2 . Hence, in the infinite noncommutativity
limit, if one assumes that Θ11¯ and/or Θ22¯ → ∞ as 1ǫ2 , this justifies dropping the
(δ(0))n, n = 1, 2 terms relative to the αi[
Θ1(2)1¯(2¯)
πα′ ]βj [
Θ1(2)1¯(2¯)
πα′ ] ∝ Θ
2
ǫ ∼ 1ǫ5 terms. The
terms proportional to δ′(0) can be dropped as δ′(0) ≡ ∫∞−∞ δ′(x)δ(x) = 0 as δ(x) is an
even function and δ′(x) is an odd function. Also, as the step function Θ(x) is related
to the sign function ǫ(x) by the relation 12ǫ(x) = Θ(x)− 12 , hence using the integral
representation for ǫ(x) = 12πi
∫∞
−∞ dα(
eixα
α−iǫ − e
−ixα
α−iǫ ), we see that limx→0 ǫ(x) = 0,
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implying limx→0Θ(x) = 12 . Now, in (14) and (B5), we have assumed that one has
fixed Imz3, and hence one requires to integrate only over Rez3.
The sum in equation (B5) for the expression for γ1 should be evaluated as fol-
lows. Consider the cos -dependent and independent terms separately. The cos-
independent terms can be written as −2γ − (Ψ(1 − ν) + Ψ(ν)), where γ ≡ Euler
number, and Ψ ≡ Γ′/Γ. Then use identity (A.5) of Itoyama’s appendix, and one
sees that at ν = 1, the above is proportional to α′b22¯ → β. cos-dependent terms
can be evaluated by writing 1− ν = √ǫ. One will get 1/√ǫ− lnsin2ǫ1. We demand
that ǫ, ǫ1 → 0 in such in a way that:
lnsin2ǫ1 +
1√
ǫ
= 0, (15)
which is reasonable as lnsin2ǫ1 approaches −∞, and 1/
√
ǫ approaches +∞. Hence,
the α′ln[sin2(ǫ1)]-type singularity is repaced by α′/
√
ǫ ∼ β. Now comes the point
of evaluating the sum in γ1. Take the Seiberg-Witten low energy limit and hence
take 1− ν = √ǫ . The the sum becomes:
2
∞∑
m=1
cos[mσ3]
m
= −ln(sin2σ3
2
). (16)
For the evaluation of the integral, it is more convenient to evaluate the integral using
Rez3. One has to evaluate:
∫ ∞
−∞
dRez3(Rez3 + iImz3)
λ4(Rez3 − iImz3)λ5eλ1ln(1+cosσ3)(1, λ3e−2τ3). (17)
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The above integral is evaluated in Appendix B. We now consider three cases for
infinite noncommutativity.
(a) Θ1,1¯ →∞, Θ22¯ ≡ finite
From (B5) and (C3), one sees that in the Seiberg-Witten low energy limit, λ1 ∼
O(1/
√
ǫ), λ4 − λ5 ∼ 2λ4 ∼ −2λ5 ≡ O(Θ11¯/
√
ǫ) ≡ O( 1
ǫ
5
2
) >> λ1. Then, using
(a)AppellF1(a, b1, b2; a;x, y) = AppellF1(1, b1, b2; 1;x, y);
(b) 2F1(a, b; a;x) = 2F1(1, b; 1;x);
(c)AppellF1(1, a, b; 1;−i, i) = (1− i)−b(1 + i)−a;
(d) 2F1(1, a; 1;−1) = 2−a, (18)
one sees that one gets:
λ3Γ(2λ1)
e
−iπ(λ4−λ5)
2
+iπλ5
−4λ4 + (k ↔ q).
(19)
Hence, one gets a factor of e
−i(λ4−λ5)π
2
+iπλ5
2λ4
Θ11¯→∞→ e−iπ(λ4−λ5)(λ4−λ5) = e
iΘ11¯(k1 l¯1¯−k¯1¯l1)
Θ11¯(l¯1¯k1−k¯1¯l1)
, which
gives a generalized star product [9] after Bose symmetrization in the noncommutative
p′ − p′ Aooc amplitude.
In the Θ11¯ →∞ limit, and setting (Imz3)0 = 1, (19) simplifies to give:
Aooc(ǫ→ 0,Θ11¯ →∞) ∼
2
α′
e
−2π|l2|
2β
ǫ
(
Θ11¯(k1q¯1¯ − k¯1¯q1)
)2 sin[Θ11¯(k1q¯1¯ − k¯1¯q1)]
Θ11¯(k1q¯1¯ − k¯1¯q1)
Γ(
2|l2|2α′
ǫ
). (20)
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The above result consists of product of four factors - a gaussian damping factor
[1, 11] “gdf”[g−1] analogous to the open sector but here it depends on the closed
string metric, the factor “cL” where (in the extreme noncommutativity limit), “cL =
−cR” = Θ11¯(k1q¯1¯ − k¯1¯q1) (See [8]), a generalized star product, and a kinematic
factor Γ(2|l2|
2α′
ǫ ). Hence, Aooc also involves the closed-string metric in addition to
the open-string metric. The expression (20) corresponds to an infinite series of local
interactions.
(b) Θ11¯,Θ22¯ →∞
In this limit, one has to evaluate:
∫ ∞
−∞
dRez3e
λ1ln(1+cosσ3)(Rez3 + iImz3)
λ4(Rez3 − iImz3)λ5
(
α1β1 + α1β3 + β1α3 + α3β3
)
.
(21)
Thus, one gets:
Aooc(ǫ→ 0,Θ11¯,22¯ →∞) ∼
e
−2π|l2|
2β
ǫ
Γ(2|l2|
2α′
ǫ )
α′
sin[Θ11¯(k1q¯1¯ − k¯1¯q1)]
Θ11¯(k1q¯1¯ − k¯1¯q1)
[
−2α′
(
Θ11¯(k1q¯1¯ − k¯1¯q1)
)2
+
(√
α′
2
4i|l2|2
Imz3
Θ22¯
πα′
)2]
.
(22)
Again, one sees the appearance of a generalized product in the amplitude. As in
(20), (22) corresponds to an infinite series of local terms.
(c) Θ22¯ →∞,Θ11¯ ≡ finite
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One has to evaluate in this limit:
∫ ∞
−∞
dRez3 α3β3e
λ1ln(1+cosσ3)(Rez3 + iImz3)
λ4(Rez3 − iImz3)λ5 . (23)
Hence, one gets:
A(ǫ→ 0,Θ22¯ →∞) ∼
∼
(√
α′
2
4i|l2|2
Imz3
Θ22¯
πα′
)2
( |l2|
2α′
ǫ )
e
−2π|l2|
2β
ǫ 2α
′G11¯(k1 l¯1¯+k¯1¯l1)
(
Γ(−1− α′G11¯(k1 l¯1¯ + k¯1¯l1))cos[
3Θ11¯(k1q¯1¯ − k¯1¯q1)
2
]
+
Γ(2|l2|
2α′
ǫ )Γ(− |l2|
2α′
ǫ )
Γ( |l2|
2α′
ǫ )
2F1
(
−|l2|
2α′
ǫ
, 2 + α′G11¯(k1 l¯1¯ + k¯1¯l1),
|l2|2α′
ǫ
;−1
)
cos[Θ11¯(k1q¯1¯ − k¯1¯q1)]
)
.
(24)
One gets another generalized star product different from the one that appears in
cases (a) and (b). By writing ǫ = ǫ1 + iǫ2, and then using Stirling’s asymptotic
expression for the gamma function, and also using limx→∞ 2F1(x, a;−x;−1) =
2F1(1, a; 1; 1), one sees that (24) also corresponds to an infinite series of local terms.
To calculate Aooo′o′ , one needs to calculate Ao′o′c in addition to Aooc.
(II) Ao′o′c
As the “tachyon” vertex operators for the p′ − p′ open strings are ei(k·x¯+k¯·x),
where all four space-time coordinates are included, hence, the vacuum relevant to
this amplitude is only the SL(2,R)-invariant vacuum. Hence, this amplitude is the
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same as the one calculated in [8]. The result is:
Ao′o′c = cLcR
sin(kΘq)
(kΘq)
, (25)
where cL,R are as defined in [8].
It does not seem plausible to be able to obtain the local t- and s−channel results
of Aooo′o′ for finite noncommutativity or in the extreme noncommutativity limit
using Aooc of (20) or (22) or (24) and Ao′o′c of (25). Some of the possible field
theory graphs in the t and s channels are drawn in Fig.1. As Aooo′ vanishes, graphs
(a) and (e) in Fig.1 vanish. One requires to evaluate a four-point function with an
internal p− p′ open-string exchange. The non-local pieces of all allowed field theory
graphs should cancel and the graphs should possibly give (though not necessary)
the local part of Aooo′o′ as obtained from string theory. One has to remember to
include the contribution from
∫ 1−δ
δ to get the complete form of the local expression.
Alternatively, it is possible that loop graphs in the field theory are required to be
evaluated for reproducing a tree-level string amplitude.
4 Summary and discussion
To summarize, we have evaluated (by mapping the N = 2 vertex operators and
hence the amplitudes to their N = 1 counterparts) the 3-point and 4-point ampli-
tudes involving two p − p′ open strings and one or two p′ − p′ open strings. While
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the former was found to vanish on-shell (suggesting the possibility that the noncom-
mutative N = 2 p − p′ system in two complex dimensions in SW low energy limit2
is related to a (non)commutative N = 2 p′ − p′ system in two real dimensions), the
latter in the Seiberg-Witten low-energy limit, gave a local result for the t-channel and
s-channel processes indicating the possible topological nature (in the SW low energy
limit) of the theory. We also evaluate the mixed 3-point function involving a closed
string and two p − p′ or p′ − p′ open strings. While for finite noncommutativity,
for the former, one obtains δ(0)- and
(
δ(0)
)2
-type singularities (tree-level ampli-
tudes in light cone N = 1 string field theory are known to be singular which hence
require local divergent contact interactions as counter terms (to give finite results)
[12] whose existence was argued earlier from the super-Poincare algebra [13]) while
evaluating self-contractions for the closed-string vertex operator, these singularities
can be avoided by taking the infinite noncommutativity limit in a suitable way. We
consider three infinite noncommutativity limits (alongwith the Seiberg-Witten low
energy limit): (a) Θ11¯ →∞ and Θ22¯ ≡ finite, (b) Θ11¯,Θ22¯ →∞, and (c) Θ22¯ →∞
and Θ11¯ ≡ finite. Cases (a) (intriguing similar to the Aooc result of [8]) and (b)
give the commutative non-associative generalized star products involving sin(∂Θ∂)(∂Θ∂) ,
2The SW limit needs to be taken as even though the 3-point function vanishes without having
to take this limit, the 4-point function is local only after having taken the SW low energy limit.
The 4-point function of (non)commutative N = 2 p′ − p′ in two real dimensions, is local [10].
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and case (c) gives another commutative non-associative generalized star product in-
volving cos(∂Θ∂). All three cases involve a gaussian damping factor, similar to the
N = 1 calculations in [1, 11]. The mixed 3-point function involving two p′− p′ open
strings is identical to the corresponding 3-point function calculated for noncommu-
tative p′ − p′ system. It will be interesting to work on the field theory that would
reproduce the local 4-point function Aooo′o′ .
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Appendix A
We give below the result for the 4-point function Aooo′o′ obtained after the identifi-
cation of ζ = ik in the corresponding result in [1].
Aooo′o′ ∼ −δ(
4∑
a=1
ka1)δ(
4∑
b=1
kb1¯)
∫ 1
0
dxx−α
′t+α′m2o(1− x)2α
′k3 ·(p)k4 exp
(
C3(ν) + C4(ν) + (NC)
)
× exp
[
−α′
{(
k3 ⊙
(p,p′)
k4 + k3 ×
(p,p′)
k4
)
2
H
(
ν;
1
x
)
+
(
k3 ⊙
(p,p′)
k4 − k3 ×
(p,p′)
k4
)
2
H (ν;x)
}]
×
[
1
(1− x)2 k3 ·(p)k4
(
1− 2α′k3 ·(p)k4
)
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+
α′
2
1
x
{[
(k2 − k1) ·(p)k3
]
− k4 ·(p)k3
}{[
(k2 − k1) ·(p)k4
]
+ k3 ·(p)k4
}
+α′
1
1− x
{[
(k2 − k1) ·(p)k3
]
k3 ·(p)k4 − k4 ·(p)k3
[
(k2 − k1) ·(p)k4
]}
+
x−ν
(1− x)2
{
−α′
(
k3 ⊙
(p,p′)
k4 + k3 ×
(p,p′)
k4
)
2
k3 ·(p)k4
+
(
1− ν
2
− α′k3 ·(p)k4
)(
k3 ⊙
(p,p′)
k4 + k3 ×
(p,p′)
k4
)
2
}
+
xν
(1− x)2
{
−α′
(
k3 ⊙
(p,p′)
k4 − k3 ×
(p,p′)
k4
)
2
k3 ·(p)k4
+
(
1− ν
2
− α′k3 ·(p)k4
)(
k3 ⊙
(p,p′)
k4 − k3 ×
(p,p′)
k4
)
2
}
+
ν
2
x−ν+1
(1− x)2
(
k3 ⊙
(p,p′)
k4 + k3 ×
(p,p′)
k4
)
2
+
ν
2
xν−1
(1− x)2
(
k3 ⊙
(p,p′)
k4 − k3 ×
(p,p′)
k4
)
2
−α
′
2
x−2ν
(1− x)2
(
k3 ⊙
(p,p′)
k4 + k3 ×
(p,p′)
k4
)
2
(
k3 ⊙
(p,p′)
k4 + k3 ×
(p,p′)
k4
)
2
−α
′
2
x2ν
(1− x)2
(
k3 ⊙
(p,p′)
k4 − k3 ×
(p,p′)
k4
)
2
(
k3 ⊙
(p,p′)
k4 − k3 ×
(p,p′)
k4
)
2
−α
′
2
1
(1− x)2
(
k3 ⊙
(p,p′)
k4 + k3 ×
(p,p′)
k4
)
2
(
k3 ⊙
(p,p′)
k4 − k3 ×
(p,p′)
k4
)
2
−α
′
2
1
(1− x)2
(
k3 ⊙
(p,p′)
k4 − k3 ×
(p,p′)
k4
)
2
(
k3 ⊙
(p,p′)
k4 + k3 ×
(p,p′)
k4
)
2
+
α′
2
x−2ν
1− x
(
k4 ⊙
(p,p′)
k3 − k4 ×
(p,p′)
k3
)
2
(
k3 ⊙
(p,p′)
k4 + k3 ×
(p,p′)
k4
)
2
−α
′
2
x2ν−1
1− x
(
k4 ⊙
(p,p′)
k3 + k4 ×
(p,p′)
k3
)
2
(
k3 ⊙
(p,p′)
k4 − k3 ×
(p,p′)
k4
)
2
+
α′
2
xν−1
1− x
{([
(k2 − k1) ·(p)k3
]
− k4 ·(p)k3
)(
k3 ⊙
(p,p′)
k4 − k3 ×
(p,p′)
k4
)
2
−
([
(k2 − k1) ·(p)k4
]
+ k3 ·(p)k4
)(
k4 ⊙
(p,p′)
k3 + k4 ×
(p,p′)
k3
)
2
}
+
α′
2
x−ν
1− x
{([
(k2 − k1) ·(p)k3
]
+ k4 ·(p)k3
)(
k3 ⊙
(p,p′)
k4 + k3 ×
(p,p′)
k4
)
2
−
([
(k2 − k1) ·(p)k4
]
− k3 ·(p)k4
)(
k4 ⊙
(p,p′)
k3 − k4 ×
(p,p′)
k3
)
2
}]
. (A1)
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where
(NC) ≡
∑
1≤a<a′≤N
i
2
ǫ(xa − xa′)
p∑
i,j=1
θijkaika′j;
k ·
(p,p′)
k = 2G22κ2κ2 ;(
k ⊙
(p,p′)
q
)
2
≡ G22(k2q2 + k2q2) ,
(
k ×
(p,p′)
q
)
2
= G22(k2q2 − k2q2) ,
Ca(ν) ≡ 2α′G22¯|k2|2
{
γ +
1
2
(ψ(ν) +ψ(1− ν))
}
H(ν; z) =


F
(
1− νI ; 1
z
)
− π
2
bI =
∞∑
n=0
z−n−1+νI
n+ 1− νI −
π
2
bI for |z| > 1
F (νI ; z) + π
2
bI =
∞∑
n=0
zn+νI
n+ νI
+
π
2
bI for |z| < 1
,(A2)
F defined in (B3) again.
Appendix B
In this appendix, we discuss the self-contraction calculation for the closed-string
vertex operator. For this purpose, one starts with:
Exp
(
EIE¯I¯G
sub II¯
)
= lim
3→3′
Exp
[(
−α
′
2
lI l¯I¯ −
√
α′
2
lI l¯I¯
[
η1(DL −D′L) + η2(DR −D′R)
]
+lI l¯I¯η1η2(DLD
′
R +DRD
′
L)
)
Gsub II¯(z3, z¯3; θL, θR|z′, z¯′3; θ′L, θ′R)
]
≡ Exp
(
γ1 + θLθRγ2 + η1θL(α2
δ(0)
ǫ
+ α3[
Θ22¯
πα′
] + α4) + η1θRα5 + η2θL(ω1[
Θ22¯
πα′
] + ω2)
+η2θR(β2
δ(0)
ǫ
+ β3[
Θ22¯
πα′
] + β4) + η1η2δ1 + η1η2θLθRδ2
)
, (B1)
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where ρ, αi, βj , ωk, γl, δms are defined in (B5), and the G
sub is the subtracted Green’s
function of [1].
Now, Gsub ≡ G −G, and using notations of [1], the following results (of Itoyama
et al) are used in arriving at (B5):
GIJ (z1, z1|z2, z2) ≡ 〈σ, s|RXI(z1, z1)XJ(z2, z2) |σ, s〉
= Θ(|z1| − |z2|)2δ
IJ
ε
[
F
(
1− νI ; z2 + θ1θ2
z1
)
+ F
(
1− νI ; z2 + θ1θ2
z1
)
−F
(
1− νI ; z2 + θ1θ2
z1
)
−F
(
1− νI ; z2 + θ1θ2
z1
)]
+Θ(|z2| − |z1|)2δ
IJ
ε
[
F
(
νI ;
z1
z2 + θ1θ2
)
+ F
(
νI ;
z1
z2 + θ1θ2
)
−F
(
νI ;
z1
z2 + θ1θ2
)
−F
(
νI ;
z1
z2 + θ1θ2
)]
, (B2)
where Θ(x) is the step function, F(ν ; z) is defined as
F(ν ; z) = z
ν
ν
2F1(1, ν; 1 + ν; z) =
∞∑
n=0
1
n+ ν
zn+ν , (B3)
and 2F1(a, b; c; z) is the hypergeometric function, and
G
IJ¯ (z1, z1|z2, z2) ≡ 〈0|RXI(z1, z1)XJ¯ (z2, z2)|0〉
= −gIJ¯ ln(z1 − z2 − θ1θ2)(z1 − z2 − θ1θ2) + (gIJ¯ − 2GIJ¯ ) ln(z1 − z2 − θ1θ2)(z1 − z2 − θ1θ2)
−2 θ
IJ¯
2πα′
ln
(
z1 − z2 − θ1θ2
z1 − z2 − θ1θ2
)
. (B4)
We give below the definitions of αi, βj , ωk, γl, δm that figure in the self-contractions
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in Aooc.
γ1 ≡ − l2δ
22¯ l¯2¯α
′
2ǫ
[
2
∞∑
m=0
(
[1− cos{(m+ 1− ν)σ3}]
(m+ 1− ν) +
[1− cos{(m+ ν)σ3}]
(m+ ν)
)
−2lnsin2σ3 + 2lnsin2ǫ1 + 4
(1 +B2
22¯
)
ln(4Imz23)−
4B22¯π
(1 +B2
22¯
)
]
γ2 ≡ − l2δ
22¯ l¯2¯
ǫ
(
2i
Imz3
[
cos(2νσ3)− cos(2(1 − ν)σ3)−
(1−B222¯)
(1 +B2
22¯
)
])
;
δ1 ≡ 4l2δ
22¯ l¯2¯
ǫ
sin(2νφ)− sin[2(1− ν)φ] + sin(2φν)
Imz3
;
ρ ≡ (−Rez3 − iImz3)
α′
2
[k1 l¯1¯(G
11¯−Θ11¯
πα′
)+k¯1¯l1(G
11¯+Θ
11¯
πα′
)](−Rez3 + iImz3)
α′
2
[k1 l¯1¯(G
11¯+Θ
11¯
πα′
)+k¯1¯l1(G
11¯−Θ11¯
πα′
)];
α1 ≡ −
√
2α′
(
(−G11¯ + Θ
11¯
πα′
)k1 l¯1¯ − (G11¯ +
Θ11¯
πα′
)k¯1¯l1
)
1
−Rez3 − iImz3 ;
β1 ≡ −
√
2α′
(
(−G11¯ − Θ
11¯
πα′
)k1 l¯1¯ + (−G11¯ +
Θ11¯
πα′
)k¯1¯l1
)
1
−Rez3 + iImz3 .
α3 ≡
√
α′
2
4i|l2|2
Imz3
Θ22¯
πα′
;
α4 ≡
√
α′
2
|l2|2g22¯
(Imz3)0
(e2i(ν−1)φ − e−2iνφ);
α5 ≡ −
√
α′
2
2|l2|2
Imz3
G22¯;
ω1 ≡
√
α′
2
4i|l2|2
Imz3
Θ22¯
πα′
;
ω2 ≡
√
α′
2
i|l2|2
Imz3
g22¯sin(2νφ);
β3 ≡
√
α′
2
4i|l2|2
Imz3
Θ22¯
πα′
;
β4 ≡ −
√
α′
2
|l2|2g22¯
Imz3
(e2i(1−ν)φ − cos(2νφ)) (B5)
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Appendix C
We discuss below the evaluation of the integral (17) in Aooc.
∫ ∞
−∞
dRez3(Rez3 + iImz3)
λ4(Rez3 − iImz3)λ5eλ1ln(1+cosσ3)(1, λ3e−2τ3)
=
∫ ∞
−∞
d(Rez3)
[
1 +
Rez3√
(Rez3)2 + (Imz3)2
]λ1(
1,
λ3
(Rez3)2 + (Imz3)20
)
×(Re3 + i(Imz3)0)λ4(Rez3 + i(Imz3)0)λ5
= (Imz3)
1+λ4+λ5
0
∫ π
2
−π
2
dθsec2θ(1 + sinθ)λ1
(
e−i[λ4−λ5]θcos−2−λ4−λ5θ,
λ3
(Imz3)20
e−i[λ4−λ5]θcos−[λ4+λ5]θ
)
= 2λ1−[λ4+λ5]e
iπ(λ4−λ5)
2 (Imz3)
1+λ4+λ5
0
∫ π
2
0
dθ
(
e
−iπ(λ4−λ5)
2
4
ei[λ4−λ5]θcos2λ1−2−(λ4+λ5)
θ
2
sin−2−(λ4+λ5)
θ
2
+
e
iπ(2λ2λ4−λ5)
2
4
e−i[λ2+λ4−λ5]θcos−2−(λ4+λ5)
θ
2
sin2λ1+λ4−λ5)
θ
2
,
λ3
(Imz3)
2
0
e
−iπ(λ4−λ5)
2 ei(λ4−λ5)θcos2λ1−(λ4+λ5)
θ
2
sin−(λ4+λ5)
θ
2
+
λ3
(Imz3)20
e
iπ(λ4−λ5)
2 e−i(λ4−λ5)θcos−(λ4+λ5)
θ
2
sin2λ1−(λ4+λ5)
θ
2
)
(C1)
The above integrals can be evaluated using mathematica. One needs the following:
∫ π
2
0
cosa(
x
2
)sinb(
x
2
)eicxdx
=
i21−a
a+ b− 2c
[
ei(b−a)π/42−beicπ/2AppellF1[−a
2
− b
2
+ c,−a,−b; 1 − a
2
− b
2
+ c;−i, i]
−
(
Γ[1 + b]Γ[1− a2 − b2 + c] 2F1[−a2 − b2 + c,−a; 1 − a2 + b2 + c;−1]
)
Γ[1− a2 + b2 + c]
]
. (C2)
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One gets the following:
2λ1−[λ4+λ5]e
iπ(λ4−λ5)
2 (Imz3)
1+λ4+λ5
0
[
ie
−iπ(λ4−λ5)
2 23−2λ1+(λ4+λ5)
4[2λ1 − 4− 4λ4 − 2λ2]
[
e
−iλ1
2 22+λ4+λ5e
iπ[λ4−λ5]
2
AppellF1
(
2 + λ4 + λ5 − 2λ1
2
+
2 + λ4 + λ5
2
+ λ4 − λ5, λ4 + λ5 − 2λ1 + 2,
2 + λ4 + λ5; 1 +
2 + λ4 + λ5 − 2λ1
2
+
2 + λ4 + λ5
2
+ λ4 − λ5;−i, i
)
−Γ(−1− λ4 − λ5)Γ(1 +
2+λ4+λ5−2λ1
2 +
2+λ4+λ5
2 + λ4 − λ5)
Γ(1 + 2+λ4+λ5−2λ12 − 2+λ4+λ52 + λ4 − λ5)
× 2F1
(
2 + λ4 + λ5 − 2λ1
2
+
2 + λ4 + λ5
2
+ λ4 − λ5, λ4 + λ5 + 2− 2λ1;
1 +
2 + λ4 + λ5 − 2λ1
2
− 2 + λ4 + λ5
2
+ λ4 − λ5;−1
)]
+
ie
iπ(λ4−λ5)
2 23+(λ4+λ5)
4[2λ1 − 4− 4λ4 − 2λ2]
[
e
iλ1
2 22+λ4+λ5−2λ1e
iπ[λ4−λ5]
2
AppellF1
(
2 + λ4 + λ5 − 2λ1
2
+
2 + λ4 + λ5
2
− λ4 − λ5, λ4 + λ5 + 2,
2 + λ4 + λ5 − 2λ1; 1 + 2 + λ4 + λ5 − 2λ1
2
+
2 + λ4 + λ5
2
− (λ4 − λ5);−i, i
)
−Γ(2λ1 − 1− λ4 − λ5)Γ(1 +
2+λ4+λ5−2λ1
2 +
2+λ4+λ5
2 − (λ4 − λ5))
Γ(1 + 2+λ4+λ5−2λ12 − 2+λ4+λ52 + λ4 − λ5)
× 2F1
(
2 + λ4 + λ5 − 2λ1
2
+
2 + λ4 + λ5
2
− (λ4 − λ5), λ4 + λ5 + 2;
1 +
2 + λ4 + λ5 − 2λ1
2
− 2 + λ4 + λ5
2
− (λ4 − λ5);−1
)]
,
λ3
(Imz3)20
ie
−iπ(λ4−λ5)
2 21−2λ1+(λ4+λ5)
4[2λ1 − 4λ4]
(
e
−iλ1π
2 2λ4+λ5e
iπ(λ4−λ5)
2
×AppellF1
(
−λ1 + 2λ4,−2λ1 + (λ4 + λ5); (λ4 + λ5);−λ1 + 1 + 2λ4;−i, i
)
−
Γ(1− λ4 − λ5)Γ(1 − λ1 + 2λ4) 2F1
(
−λ1 + 2λ4,−2λ1 + λ4 + λ5; 1 + λ4 − λ5 − λ1;−1
)
Γ(1 + λ4 − λ5 − λ1)
)
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+
λ3
(Imz3)20
ie
+iπ(λ4−λ5)
2 21+(λ4+λ5)
4[2λ1 − 4λ4]
(
e
iλ1π
2 2λ4+λ5−2λ1e
−iπ(λ4−λ5)
2
×AppellF1
(
−λ1 + 2λ5, (λ4 + λ5),−2λ1 + (λ4 + λ5); 1− 2λ1 + 2λ5;−i, i
)
−
Γ(1− λ4 − λ5)Γ(1 − λ1 + 2λ4) 2F1
(
−λ1 + 2λ4,−2λ1 + λ4 + λ5; 1 + λ4 − λ5 − λ1;−1
)
Γ(1− λ4 + λ5 − λ1)
)]
(C3)
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Figure 1: Some field theory graphs in the t and s channels; thin line is p − p′
open-string scalar o, thick line is p′ − p′ open-string scalar o′, and dashed line is
closed-string scalar c
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